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SOME DIOPHANTINE APPROXIMATIONS 
CONNECTED WITH QUADRATIC SURDS 


By K. Ananpa Rav. 


1. Let @ be a positive irrational number, and let a,, a9... be 
an increasing sequence of positive integers tending to infinity. The 
distribution of the set of numbers formed by the fractional parts of a,6 is 
a very interesting problem. The classical results in this subject were 
established by Dirichlet and Kronecker (1). In recent years the subject 
of Diopbantine Approximatione, of which the above is one of the problems, 
has attracted much attention not only for its own sake, but also for the 
applications it has found in the Analytic Theory of Numbers. Hardy, 
Littlewood and Bohr have contributed largely to these later develop- 
ments (2), 

2, Let us denote, as is usual in this subject, the fractional part of z 
by (x). A very elementary result which can be established, either by what 
is known as Dirichlet’s principle, or by the theory of continued fractions, 
is that, if we take «, = , the set of numbers (76) is dense everywhere in 
the unit segment (0, 1), If, however, we consider a sequence &», which 
tends to infinity with great rapidity the set of numbers (a,@) may not be 
dense everywhere. For example, if 9 = eand a, = n! then 


(n! e) =» 0 

(") Kronecker: Werke, Vol. III, p. 49, Dirichlet, Werke, Vol, I, p, 685, See also 
Mickowski, Diophantische Approximationen, 

(7) G, H. Hardy and J.E, Littlewood : Some Problems of Diophantine Approxi- 
mations, Acta Mathematica, Vol. XXXVII, 1914, 

H, Bobr : Zur Theorie der Riemannschen Zetafunktion im Kritischen Streifen, 
Acta Mathematica, Vol, XL, 1916. 

H, Bohr and R. Courant: Neue Anwendungen der Theorie der Diophantische 
Approximationen anf die Riemannsche Zetafunktion, Crelles Journal, 1914, 
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162 
as 1 =p 0, a8 is easily verified by using the infinite series 
i, ul ; 
6 Le eet etme 


ao that the only limiting point of the set (x! e) is zero (°). 
3. The object of this note is to obtain some results regarding the 
distribution of the set of numbers (7,,? 6), where 6 is a quadratic surd and 


Pn is the nth convergent in the continued fraction for 6. It is proved 


Qn 
here that the limiting points of the set are finite in number and can be 


easily calculated. 
4. We shall begin by considering the set of numbers 
9 —? | , 


(1) ai 
7 Qn 
whose distribution is closely related to that of (7,? 6). 


In considering the distribution of the set (1) there is no loss of 
generality, if we confine ourselves to quadratic surds whose continued frac- 
tions are purely recurring. To prove this, we observe first that if, @ and 
$ are two equivalent irrationals, that is to say, if they are connected by a 
relation of the form 





A + B¢ 

C + D¢’ 

where A, B, ©, D are integers such that AD — BC = + 1, then the par. 
tial quotients in the continued fractions for @ and ¢ are ultimately 
identical, 


Go= 


Let As ae apie Maple.) Fle Vole), 
bot Ont A, + aot 


l ] 1 1 


and Gy mk By ofa ee Se aa 
~ Cc. + Cu+ 4+ Ag+ 


y FE 
and let ?* and O. denote the s*" convergents in these continued frac- 


qs s 
tions. We shall prove that, as =» o, 
(2) 9? — Prtr ~(” — Pats 
n+p Gases a ” e Qasr 














from which it follows that the two sets of numbers 
g" | § -~ pr | ’ 
: a 


w1t-G 


a cence eg pee te Eh th 
(*) For other examples, see the paper of Hardy and Littlewood referred to above. 


¢— 





163 


are dist¥ibuted similarly ; and so in the case of quadratic surds there is bod 
loss of generality in supposing the continued fraction to be purely 
recurring. 

5. The proof of (2) is easy. We shall write for simplicity p, q, 
P, Q for pryr, Qrtry Pmirs Qn+r3 80 that, instead of * =» oo, we may say 
7, > @, We have 


P 





5) Dea 
g o5+D BE as 


where AD — BC = + 1. It is easily seen that the last fraction on the 
right hand side is in its lowest terms ; and so 


p= AP + BQ,q = CP + DQ. 


Now wee | = 4° [sts eek BO 


q Cp + D CP+DQ 


Pie Oe el WUE UY) 
Cd + D 


by making use of | AD — BC | =1and(3), Therefore 








q | 6—- | Caer 
AT q epee aoe) => l, 
OnE | aa 
Q 
ls 
since epee 


6. We shall now proceed to the proof of the main result of this 


paper. Let 


8, — i a,+ set cee eet eee Gn 


te * 
be a quadratic surd whose continued fraction is purely recurriag. We shall 


adopt the notation 


1 aes 
a + —— se — = ayy ao; eee neesee An]. 
x ant an L : 
s * 
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Let 7* be the s** convergent of @,. Then 
Ys 
J eee 1 = 6; pn + ee 


) 
C= at TE ant 0, 01 ont Gand 





0, — P| = Reaper ams th ae 
gn Didn + Qn—t Qn 


‘ 1 yet 1 
7 qn (6, gn t+ Gn=1) Gn" 6, + Qn-1 


aoe 1 1 


Similarly | 6 ai 


and generally | ,—— | = 








Now =. —— ose 
In anr An-1it 


Venn je: 1 } l v. l 1 : 1 1 
Lon ant aah eeeeee Aagt ayt+ ant Qn-1t esenere a." 


a3’ 





and so on. It is easy to see that as s —» oo through integral values 


: = 1 
Gan. =e [an, An-2, eae a, | = 3 ’ Say. 
i 


Gsn=) 
Hence 9’ | We ts3 ~ cutee 
sn Qan 0,—t1 
AS S =P 0, 
If we start with the identity 
6, =4,+ u bey pee L aks i 
where 6, = [dg, as, #2 An, ; ); 


and argue as above, we obtain the result that as s —» « 


Q? n+ | 6, — Bets | > —— 
62—6 


Yen+1 


; 1 
where [a,, An, An-| ee a, | = - 
63 
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Generally, if y is an integer such that 1 < » < a, and if 


6, —— [a,,, Ay4-1 eee An, Gy, as eetece 0, =i), 


1 
then 3 se 6 — Pentra—l Sse. 
q sntr-l1 1 Sebel sucess) 
as s=> o; 6, being defined by 
(ay- ly Gone vas Ay; An, An-1 vee ay] = : é 


Hence the only limiting points of the set of numbers 


9," 6; par pr 
| qr 
1 1 J 
are Lo a ha Gee tres ee ene ia 
6,—6, 0,—6, Br — On 


7. We can now obtain the limiting points of the set (9?, @) by 
making use of results proved above. Let 


Pepe eee et ed 
] = it by + eee b,, + a, at a, ve 





6,24, + ——| Ase ae 
A 2 


Letf9,, 6, ... 9» be defined as above, Let = be the rth convergent 
of 6. It is easily seen that, if 7 is odd, 


ees 


9 qr?) = 9-3 
(99) = 4 a 


§— 





while, if r is even, 
(9 qr?) =1— Po | = | A 
Applying these to the results established about the set 


pF 
%, 


CF 





we get the following. I have merely enumerated the results a8 the 
verification is easy. ,In the following, / takes the values 1,2... n; 
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I. n even. 
(i) (m + k) odd. 
As s=> o through 1, 2, 3, cove 
(9 g?mtkt+sn ) iP wh 
6 — Ox 
(ii) (m + k) even. 
As s <>» © through I, 2, 3, w+ 
(8 g? )—> 1 welts 
qi m+ k+an 0; = lig 


Il, nodd. 
(i) (m + k) odd. 
As s => © through 2, 4, 6, ..... 
(0 g?ntiten)  L— ones : 
Ox — Ox 


As s <>» © through 1, 3, 9, -sres 





j 
i + an oe * =e 
(9 Qntitran) ® 1— 6 


k = Ok 
(ii) (m + i) even. 
As s => © through 2, 4, 6, ...... 
(8 Q? m+ kt sn ) -> | — eh . 
Ox — 6k 
As s => © through 1, 3, 5, ...... 
(0 2 ? es 
GD m+k+en ) —> 6, = ao 
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ON SOME RELATIONS SATISFIED BY 
BESSEL FUNCTIONS OF DEGREE (n + 3) 


By 8. K. Banens1, D Sc., 
Director, Bombiy and Alibag Observatories. 


It is easily proved that 


P. (a) =! yee (w), 


idx Y 


where x = (23 + 4? + 2°) 2 and po = /r, 


Consequently * 
Pp (4) =2 /% tnt 30) 
n x 2° rJ/X j 


idz 





We have therefore 


(ES) ee ore ibn (eon ee 


ids 








A (n — s) A (m— 8) A (s) , 
A(n+m—s) _ 


m 


—w5/3 2n + 2m — 4s + 1 
Ve 2n + 2m — Zs + 1 ; 


s=0 





d sin x 
Petge tell hee 
n+m—2 (5 ) ps 
m and being supposed to be positive integers and m < », where + 
1.3.4... (Qn — 1) 
A = —__ 
() nt 


This can also be written in the form 
J 41 (x) 


P (55 ) 2 
m \ idx Jz 





m 

im 25 Qn + 2m— 4s +1 A(n—s) A(m—s) A(s) , 
> on + 2m — 2s + 1° A (n+m—s) 
30 


J n+. m—2s+h (2) 
SX 





* See Rayleigh, Zheory of Sound, Art, 884, et seq. and Banerji, Bul, Cal, Math 





Sve , Vol. IV, p, 8. 
t See Adams, Prog. Rey, Soc, 1878. 
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Similarly, we get 


nt) » 
m fies) ee HR 


m—2s Qn + 2m — 48 + 1 A (n—s) A (m—s) A (8) “ 
=> 2n + 2m — 22+ 1° A (n + m — 8) 





s$=0 


Tn4om—ar49") P 
© ey 4 r 


For the Beesel functions of the second kind, we have — 


P, (5) r= (1 (= Bute) p, (n), 


n+-M—28 CH). 


idz} r Jr 
d en n43 [2 Kurz f2) 
= - = —!] — ————» 
aud Ps (5) ¢ sad +r f2 


We should therefore obtain in a similar manner, 
Cap sari 
idz Ja 
m 


=5 sm—2s 2+ 2mM—A4s +1 A(n—s) A(m—s) A(s) Kn+-m—%+ 4 (2) 











2n+-2m—2s + 1 A(n + m + 8) J/® 

s=0 

Knzy (7 Be 

and P,, (ize) ee P,, (x) } 

m 

is > jn? ), 20 + 2m — 4s + 1 _A(n — s) A(m — s) A(s} - 
: Qn + + 2m — zs + 1 ms 
s= 


K m—2s ) 
= PEA Pe 
n anti m being supposed to be integers and m < n. 


2s (x), 


Now if we denote the operator - by D, then we can write 
idz 


f(D) = > 0, P,(D), 


where C, = ode. 





(fe (rH) Pa (pn) du, 
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the conditions for the validity of the expansion being the same as fora 
Fourier series. 


It follows therefore that 


@ 
a Int (x) es d Jn44 (xr) 
f (a) aT es > Cn Pn (siz) Je 











m=0 
oe nm Or m 
x S Cr [ > gan 2n + 2m— 40 + ly 
Qn + 2Im— Js + 1 
n= s=0 
Alm —s) A(m — m — 8) A(s) Taba—text tf) ], 
A(n + m + 8) ; 


the upper limit for the summation of the series within the bracket being 
m or # according as m < or > #. 


Similarly, f(s : ) [pao P, )| 
idx 


nm OY Mm 


«, 2n + 2m — 4s + 1 
qm-*s - x 
=Sio. > on + 2m — 2s + 1 


m=0 


_A(n — s) A(m — s) A(s) Jn Intm-2%stk (7) Patm—2e (“) ] . 


A(z +m +8) j JF 


These theorems mean that if « —# Jey (x)or r iis Vath (7) P, (+), 


which is a solution of the wave equation, is differentiated ‘in any manner 
the results can be expressed in a series of functions of the same type. 


The same theorems are true if Bessel functions of the first kind be 
replaced by Bessel functions of the second kind. 


Maxwell first pointed out that if a solution of the wave equation be 
differentiated any oumber of times with respect to 2, y, 2, we obtain 
solutions of the wave equation of various orders of complexities. These 
complex solutions cannot be interpreted physically unless they are 
expressed in a series of standard solutions, The method indicated above 
may be used with advantage to express the complex solutions in a series 
of standard§solutione, 
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17U 
ON CERTAIN QUADRATIC SYSTEMS OF CONICS. 


By R. VyDYANATHASWAMY. 


I. Definition. 
If (AS + 8’) is a pair of straight lines when 
Arit Oras+ ort A’ a= O, 


then when 6 = 0, it is known that there is ac infinite number of 
inscribed triangles of S which are self-polar w.7.t, S’. In this case S 
will be said to be ex-harmonic to 8’, and S’ in-harmonic to S. It will be 
noticed that the condition that S may be ex-harmonic to S’ is linear in the 
co-efficients of S and quadratic in those of S’. 


If S is both ex- and insharmonic to S’, S will be said to be barmonic 
to 8’. 


The inscribed triangles of S belonging to a given pencil are all self- 
polar triangles of one and only one conic S’*. Thus there may be 
established a correspondence between pencils of cubics and the in- 
harmonic conics of S. In this correspondence the harmonic conics of S 
will correspond to the Nall pencils +, 


II. A (1, 1) correspondence may be established between the points 
of a five-dimensional space S, and all conics in a plane; for instance 
between the point in S, whose homogeneons co-ordinates are (a bef g h) 
and the plane conic whose equation is (abcfg h) (r,y, 2)? = 0. By 
this correspondence the straight lines of S, will correspond to fourepoint 
systems of conics, and the planes of S, will correspond to nets of conics, 
i.e, Systems of the typ3 1,9, + ro S, + A,S, where S,, S,, 8, are three 
conics. The conics which are line-pairs will correspond to points in S, 
lying on the cubic surface 


Q = abs + 2fgh — af — bg2 — cha = 0. 

A quadric surface in S, will correspond to a general quadratic system 
of conics, namely the set of conics whosa co-+fficients satisfy a general 
quadratic relation, Nowa quadric surface in S, has always two kinds of 
generating planer, such that any two generating planes of the same kind 


intersect in one and only one point, and two Senerating planes of different 


kinds either do not intersect at all or intersect in a straight line t. Hence 











Oonic, J. 7, M.S, August 





* Vide ‘ Linear Systems of the Third Order on the 
1921. 


+ Ibid. 
t ‘ Quadric in Five Dimensions,’ J, 7. 8,, June 1920). 
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A quadratic system of conics necessarily contains b* nets. These 
nets can be divided into two distinct classes, such that two nets of the 
same class have one and only one conic in common, and two nets belong= 
ing to different classes have either no conic or a four-point system of 
conics in common. 


Tois theorem is fundamental in the study of qnadratic systems of 
conics. We propose in this note to study the application of this theorem 
to a particular type of quadratic systems, namely, those systems which 
correspond in S, to the polar quadrics of the cubic surface A. These 
polar quadrics have equatious of the form 


a’ (bc — f*) + b’ (ca — g?) + c' (ab — h?) + 2f" (gh — af) 

+ 22 (Af — bg) + 2h’ (fg — ch) = 0 
where (a, 0...) are current co-ordinates and (a’, b’...) constants. Now 
this equation simply expresses that the conic (a bc f gh) is ineharmonic to 
a fixed conic (a’ b' c’ f' g’ h’). Thus the polar quadrics of A correspond to 


special quadratic systems, namely, systems Consisting of all conics in- 
harmonic to a fixed conic. 


III, Consider now the family / of conics in-harmonic to a given 
conic S, Lets be the point in S, corresponding to Sand let S be the 
polar quadric of s w.7,t. 4; then > is the locus in S; corresponding to 
the family /, Further if the polar plane that is four-dimensional flat region) 
of S w. r, t. > intersect the latter in the locus >), then clearly >, is the 
locus of points which correspond to harmonic conics of 8. 


Now s determines an inyolutoric correspondence /s between the 
points of 5, namely, the correspondence of the two intersections of } with 
any line through s. The self-corresponding points of Js are clearly the 
points on 5,. Further it is not difficult to shew that the two kinds of 
generating regions of ¥ are interchanged by / *, 


The meaning of the transformation Js in the plane is evident. Thus 
if S’ is an ineharmonic conic of S, /,S’' will be the other in-harmonic 
conic of S contained in the four-point system (S, 8’). Also, from what 
has preceded, this correspondence interchanges the two classes of in- 
harmonic nets of S—that is the nets which belong to the family of conics 


in-harmonic to SV. 


* This is easily seen by the method of correspondeace adopted in *Quadric in 
Five dimensions.’ In this method s will correspond to a system of forces and points 
on > to single forces, The correspondence I; will ithen be the correspondence of 
conjugate forces .7,¢, the system Ss. This latter correspondence will obviously 
replace each point by a plane, viz., its nul-plane and vice versa. Since points and 
planes correspond to the two kinds of generating regions of >, it follows that Is 
interchanges the two kinds of generating regions, 











Hence we have 


The conic S determines an involutoric correspondence between its 
in-harmonic conics —the self-corresponding conics of which are its harmo- 
nic conics. This correspondence interchanges the two classes of the 
in-hayrmonic nets of S. 


The operation J will be called inversion, and corresponding in- 
harmonic conics of § will be called inverts of each other in S. 


Ex. (1). The invert of an in-harmonic conic having double contact 
with § is a repeated line, viz., thechord of contact. Vice versa, any repeated 
line is an in-harmonic conic of S and its invert is a conic having double 
contact with S. 


Ex, (2), The pencils of inscribed As determined on S by any in- 
harmonic conic and its invert are mutually harmonic pencils (i.e. any triad 
of either pencil is harmonic to any triad of the other), 


1V. The in-harmonic nets of |S. 


If ABC is any inscribed A of 8S, then, clearly, the net of conics 
having ABC for a self-polar triangle is an in-harmonic net of S. Let us 
term this, the in-harmonic net of the first class corresponding to the in- 
scribed triangle ABC. Tais net contaias three repeated lines, viz., the 
sides of ABC and, further, is easily seen to contain only one conic having 
double contact with S—the chord of contact being the polar line of the 
triangle ABC w.r.t. S. 


The invert of this net we call the in-harmonic net of the second class 
corresponding to the triangle ABC. In view of Ex, (1) III, this net should 
cootain one repeated line, namely, the polar line of ABC and three conics 
having double contact with S at the corners of ABO. 


A four-point system every conic of which is harmonic to S, may itself 
be said to be harmonic to 8. Clearly such a four-point system ie inverted into 
itself by S. 1t is easy to see that any net of the first class determined by an 
inscribed triangle ABC can contain only one four-point system harmonic 
to S; for there is only one quadrangle which has ABC for harmonic 
triangle and which is in addition self-polar w.r.t. S. By inversion, it follows 
that this same harmonic system is contained in the net of the eoneen class 
determined by ABC. Hence the net of the second class may be conceived 
as the set of conics having double contact with the conics of a four-point 
aystem 1, harmonic to S, the chord of contact being always a particular 
line, uamely, the polar line of the harmonic trian 


] 
which determings L, gle of the quadrangle 


1, Finally we may verify the theorem, concerning the common conics 
of two nets, Clearly any two nets of the first class, say those determined 


io 


by the triangles ABC, A’B’C’, have one and only one conic in common, 
namely, the unique conic which has ABC and A’B’C’ for self-polar triangles. 
By inversion it follows that any two nets of the second class have one and 
only conic in common. Consider now two nets of different classes, say a 
net NV, of the first class determined by ABC and a net Ny of the second 
class determined by A’B’C’, The common conics of these two nets must 
clearly consist of those conics of VV, whose inverts belong to the net WN of 
the first class determined by A’B’O’, Hence, in view of Hx. (2) ILL above, 
N, and NV, have no common conics unless ABC and A’B’C’ are harmonic. 
When these triangles are harmonic, we may easily shew that the common 
conics are all the conics of the four-point system of N,, for which (h,,hg) 
is a conjugate pair ;/,, hy being the points of intersection with S of the 
polar line of A’B’O’. For, fhe pencils determined on S by the conics of 
this four-point system are all such that their harmonic pencils (Ex. (2) 
quoted above) contain ABC. Hence the inverts of the conics of 
this system belong to N. Thus nets of different classes have either no 
conic in common or a four-point system in common, 


Ex. (1). 1f ABC, A’B’O’ are harmonic inscribed triangles of S and if 
their polar lines cut S in (hy, ,), (hy’, ho") respectively. shew tvat the in- 
vert of a conic which has ABC for selt-polar triangle and h,', h,' fot 
conjugate points, is a conic which has A’B’O’ for self-polar triangle and 
hy, hy for conjugate points. 


Ex, (2). Shew that any ineharmonic four-point system of S must have 
its common self-polar triangle inscribed in S. Shew that any in-harmonic 
conic of S belongs to © ‘in-barmonic four-point systems, 
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THE PEDAL LINE FAMILY OF A TRIANGLE 


By A, Narasinca Rao, 


1. Introductory.—In this paper an attempt is made to study the 
distribution and properties of the pedal lines of a triangle, regarded not 
individually but as members of a linear aggregate. Though the results 
obtained are mostly well known, it is hoped that the symmetry and 
simplicity of the methods employed will be of interest. The problem of 
determining all triangles haviug a common pedal line system is also taken 
up for solution at the end of the paper, 

2, Whe Pedal Line,—Let A, B, C be atriangle and La point on its 
circumcircle. It is well-known that the feet of the perpendiculars from 
L on the sides of ABO lie ona line called the Simpson or the pedal line 
of L w, 7, t. the triangle. As L moves round the circle, we obtain a singly 
infinite system of pedal lines which could be associated with the continuous 
variations of a single parameter 7. We shall denote the vectorial angle of 


apy pt, Lon the circle by the corresponding Greek Jetter \ and tan * by Z 


so that as / varies from — % to + o the pt. L moves once round the 
circle. Thus the parameters of the vertices A,B, C are a, 6, c and those of 
the circular points [| and J are 4+. 7 and —i. 

3, Some particular cases,—From the definition of the pedal line of a 
point it follows that :— 

(1) The pedal lines of the vertices of the triangle are the per- 
pendiculars from them to the opposite sides. 

(2) The sides of the triangle ABC are themselves the pedal lines 
of the points diametrically opposit to them on the circumcircle. 

(9) The pedal line of the points I J is the line at 
infinity, For if the pedal of I cuts AB in P then I must lie on the line 
through P 1 AB and this will not be true unless P be at infinity. Similar 
considerations apply to the other two sides BO, CA. In the same manner 
the pedal ot J is also the line at infinity, 

4. Class of the Envelope.—Take a pt. P 
on AB and let. PM be a chord 1 to AB. 
Then through the point P there pass three” 
pedal lines, the line AB, the pedal line 
of L and that of M and it is easy to see 
that no other pedal line can possibly pass 
through it. We may infer by the principle 
of continuity, that three pedal lines pass A 
through any given pt, and that their 
linear aggregate envelope a curve of the 


= 
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third class of which the line at infinity is a bitangent as it corresponds 
to two distinct values + i of the parameter. 


5. Concurrent Pedals.—Let us now determine the relation connecting 
the parameters J, m, » of 3 concurrent pedals. The relation is obviously 
linear and symmetrical, since given 2 pedal lines, there is a unique third 
passing through their common point. Let us assume it to be 


A lmn + B (im + mn+nl) + COC (l+ m+n) +D = 0... T, 
or slightly 1[A mn + B(m + n) + C) + [Bmn + C(m + n) + D]=0. 


The later form shows that such a lineo-linear system contains always 
a singular pair m,, 7, (obtained by solving simultaneously Ama + 
Bma+n + C = Oand Brn + Cm+n + D = 0) which form a triad with 
any ?, In this case the singular pair is obviously (+ i, i) since the 
pedals of these points, and any other point are all concurrent. 

Hence we have A+C=0, B+D=0 ses vid l 
Also a, 4, c form a triad satisfying I since the corresponding lines (the 
perpendiculars of the triangle) are concurrent. 


We thus obtain the ratios of A, B, C, D and the condition for con- 
currence is finally found to be 





Y/— Imn _ iB _ Sa— abe 1 
1— Im A 1— Sab ‘wi 
or remembering that / = tan 5 = tan“, etc, 
we have batik ales tea cy 
2 2 
4b, Q_t$utvuHatht+y + Wk... re hs 


as the condition for the concurrency, a result which does not seem to be 
generally known, 


Cor. 1. If the pedal lines of L, M, N with respect to the triangle 
ABC are concurrent, so also are the pedals of A, B and C w.*.¢t. the 
4 LMN. 


Cor, 2. By a proper choive of or'gin, the condition of concurrency 
can be reduced to the simple form 
lImn = 1l+m+n. 


(For this we choose the origin of angular measurement so that 
a +3 + y = 0or 2k7,) We shall hereafter take this to be the case 
always. 

Cor. 3. The pedal corresponding to the parameter / touches the 
21 
2 


envelope where it is cut by that of r 


Bila 
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Cor. 4. The pedal lines correspondiog to the points 7° = 3/, 
ie, 1 =0 + ./@ are the cuspidal tangents of the envelope. These tangents 
are themselves concurrent, 

6. The Equation of the Pedal Line in areal co-ordinates, —The equation 
of the pedal line of the pt. 6 w.7. t. the triangle a3y 1s of the form 

zlL+yM+2zN=o0 


0 
where L M and N are cubics in ¢ (= tan 5) ‘ 


Now when ¢ = — Z at or — . the corresponding lines are z=0, 
a 


y = Oorz = 0. Heace the equation can now be written as 


a(t +1) (te +1) L' +y (ta +1) (tc + 1) M' +2... = 0 
where L’ M’ and N’ are linear in ¢. 


Again when / = a the corresponding padal is 


Y tan B y (a—b z(a—c) _ 
cmmctan Ory feat .: Sree 
and similarly for? = 6 and c, 

Hence L’ = (¢—a) L'’, M’ = (t—b) M”, N’ = (t—c) NY” 
where L’’, M’”’ and N” are constants, Finally applying the condition that 
the pedal of ¢ = zis the line x + y + z = 0, we have L” = M” = N” 
giving us the required equation 








a(t—a) | y(t—b) . 2(t—c) _ 0 
1 + ta L + tb l+te — 


or @ tan ~ 9 —+y tan ra -0. 





B 0 
gy + ztan 5) 


7. Perpendicular pedal lines, —As an example of the methods employ- 
ed in thia paper, let us determine the relation between the parameters of 
perpendicular pedals. To each 7 there corresponds a single direction, a 
definite perp. direction and 3 lines along this direction. But as the line 
at infinity counts twice as a pedal in this perp. direction there is only one 
other distinct line corresponding, say, to the parameter m. The relation 
connecting J and m is thus a one-to-one-correspondence of the type 


Alm + B(l+m)+C=0 
But we know that the pedals corresponding to the parameters 
] 1 1 
(, = :) (», ey ) ( «, ao ) are at rt. angles (being in fact 


the sides and the perps. of the A). 


Hence these pairs satisfy the relation 
which must therefore be 


ln +1=0 or tan 5 tan % +1=0 
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showing that the pedals of the extremities of a diameter meet at right angles, 
It is a well-known theorem that they meet at right angles on the nine. pointa 
circle. 


8. The Envelope of the Family.—We have seen already that the line 
at infinity (L. ) is a bitangent of the envelope. Also since 3 tangents 
pass through any given point, and as no other pedal can pass through I 
other than L, I must be one of the points of contact and similarly J, 
The envelops is thus seen to be a curve of the 3rd class having double con- 
tact with L,, at the circalar points, i.¢,, a tricusp Hypocycloid. The inter- 
sections of 1 tangents lie on the in-circle of the Hypocycloid, Thisis the 
nine-points circle of the triangle. Tbe cusp lies on a concentric circle of 
thrice its radius. The equations of the cuspidal tangents have been 
already obtained. These cuspidal tangents are equally inclined to one 
another and meet at the nine-points circle of ABC. 


9. Are there other triangles having the same pedal line family as the 
4 ABC? The question is easily answered in the affirmative. Any trans- 
formation which transforms 1 linesinto 1 lines and which leaves the 
hypocycloid unchanged ccnserves the pedal line group and such a trans- 
formation may give us a new triangle. Rotation through + 120, about the 
nine- point centre and re flexion about the 3 cuspidal tangents readily suggest 
themselves. More generally the hypocycloid is completely determined 
when we are given its in-circle and ore of its cuspidal tangents both in 
position and magnitude, Hence if we are given a circle and one of its dia- 
meters, all triangles constructed so as to have this circle for their nine- 
points circle aud the given diameter for a pedal line will bave a common 
pedal line group, namely, the tangents ofthe unique hypocycloid escribed 
to this circle and having the diameter for a cuspidal tangent. There is 
an infinite number of triangles satisfying the condition. 
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SOLUTIONS. 


Question 417, 


(V. Ramaswami A1yar, M.A.) :—If parabolas are escribed to a tri- 
angle, shew that any system of corresponding lines connected with them 


(considered as similar figures) envelope a three-cusped hypocycloid. 


Question 1101, 


(M. Buimasena Rao):—Show that the centre of a three-cusped 
hypocycloid escribed to a given triangle is equidistant from the ortho- 
centre and the circum-centre of the triangle. 


Question 1250. 


(V. Ramaswami Alvar, M.A.):—If five straight lines be tangents 
to a three-cusped hypocycloid, prove that the foci of the five parabolas 
touching the lines taken four at a time are all collinear. 


Solution and remarks by M. Bhimasena Rao. 


Let S be the focus and F the foot of the directrix of a parabola escrib- 
ed to a triangle ABC whose ortho-centre and circum-centre are H and O 
respectively, and let PQR be any line meeting the directrix FH in P, 
If ST be drawn parallel to PQR, meeting the directrix in T, we have to 
prove that PQR touches a three-cusped bypocycloid when the triangle STP 
18 given In species, 





On HO describe a triangle HON inversely sim} 
: : é y similar to ST 
the circle HON, meeting the directrix in M. Join MN P, and draw 


A A 
SPT = HNO =OMP = 9, say. 
.% SP is parallel to OM. 
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Agaio STP — HON = NMH = q, say, 
aca ST is parallel to NM, 
va NM is parallel to PQR. 
Complete the parallelograms OMPL and NMPQ. 
Considering the triangle OSL, we have 


OL _ sin OSL sin (OSF —- PSF) 


ASP ea oy FS ae sin SPT 








Now, OS = R, the circum-radius of ABC, angle OSF =a + pp + y 
(Gallatly’s Modern Gsometry, page 27), if the trilinear co-ordinates of S 
referred to ABC be sec 4, sec », Bec v. The angle SPT = @and PSF is 
90 — 8@. 


7. OL = — Roos (, + w + vu + @)/sin 6. 
If p is the Jength of the perpendicular NR on PQR, we have 
p = NR = NQ sin NQR = MP sin MPR 
= OL sin ¢ 
= — R sin ¢ cos (a + » + vu + 6)/sin 6. 


In terms of a single variable w, — a, w, v may be expressed as 180° + 
o, © — B, and » + C respectively. 


The envelope of the line PQR is therefore 
p = Ksin ¢ cos (8 o —B + C+ 6)/sin 6. 


which is the tangential polar equation of a three-cusped hypucycloid 
whose centre is at N, and the raduis of whose rolling circle is 


R sin ¢/sin 6. 


If PQR is a tangent to the parabola, the sides of the triangle ABC 
will be the positions of the variable line PQR, and in this case the three- 
cusped hypocycloid is inscribed in the triangle ABC. Since SP will now 
bisect the angle QPT, the triangle SPT is isosceles, SP being equal to PT ; 
and therefore in the similar triangle HON, HN = ON. This is the result 
of Question 1101. 


Next consider a triangle ABC and two transversals XYZ and XY’, 
If S and S’ are the foci of the parabolas escribed to ABC and touching 
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XYZ’ and X’Y’Z respectively, SX, SY, SZ are equally inclined to the sides 
of ABO, say, at an angle @, and likewise S’X’, S’Y’ and 8’Z’ at an angle d. 
These lines being concurrent corresponding lines of directly similar 
figures described on XX’, YY’, ZZ’, the points of coucurrence, namely, S 
and §’, and the double points of the similar figures, being the foci of the 
remaining three parabolas touching the two transversals and two of the 
three sides of ABO, lie on the circle of similitude. Thiscircle is the well- 
known Mique?’s circle of the lines AB, BO, CA, XYZ and X’Y’Z'. If a 
three-cusped bypocycloid touches these five linvs, then XYZ and X’Y’'Z’ 
are corresponding lines of the parabolas having S and 9’ as foci; the angle 
6 = ¢, that is to say, SX, SY, SZ are respectively parallel to S’X’, S'Y’, 
8’Z’, The circle of similitude, on account of this parallelism breaks up 
into the line SS’ and the line at infinity. If §8,, 8,, S, are the double 
points of the similar figures on XX’, YY’, ZZ’, then AS,, BS,, CS, will 
now be parallel and inclined to SS’ at the same angle @, and the invariable 
points are at infinity on lines inclined to the sides of ABC at the angle 6. 


The tangential equation of the threeecusped hypocycloid in Question 
417 may be obtained thus :— 


If a, y, v be the direction angles of any line, the equation of the ver= 
tex-tangent of the parabola escribed to ABC and having its focus at 


@ seca, b sec “, © sec v is, in areals, 
L=o tan »w tanv + @tanvtane + y tanatan 6 =0. 
The axis of the parabola is 
M=o (tan w + tan v) + @ (lanvu + tan a) 
+ y (tana + tan 2) = 0, 
Also kt N=a+ 8+ y =0, the line at infinity, 


Since the vertex-tan 
lines, and likewise their a 
line, the lines 


gents of escribed parabulas are corresponding 
Xes, the line at infinity being a self-corresponding 


lL+mM+nNe=0 
where /, m, n are constants, 


are corresponding lines of the 
variable values of a, Pau, ‘ eee 


The tangential equation of the enyelo 


| @ tang pe of these lines is obtai 
from eliminating a, pw, v, P trom the foll aa 


owing equations ;— 


(tan » tan v + m (tan p + fanv) +n = px 


ltanv tana + m (tau v + tan Jyt+n= py 


7tan a tan w+ m (tana + tan p) t+n= pz 
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acos x + bcos #& + c cos VU = 0 
asinx + bsin » + csin v = 0 
The steps in the elimination are omitted as being a little tedious, and 


writing y--z = £, :—a# = Nanda—y = 4%, the eliminant may be 
expressed, by geometrical considerations, in the form 


j nl —m? 
LS cot A E*a@+merng= (2 + m2)? 7 {1 {" cotB — Eeot c) — me 
The envelope of the vertex-tangent I = 0, is the Steiner’s tri-cusp 
Smo A £2 ¢ = 0; 


The envelope of the axis M = 0 is the Steiner’s tri-cusp 
(cf the anti-medial triangle of ABC) 


Scot A £2? (—~a+y+2) = 0, 
The condition that the line 71L + mM +x2nN =O _ touches the 
parabola is 
nl — m*? = 0, 
and the envelope of the line will then be 
L Scot A £2a-+meENZ =O, 
a three-cusped hypocycloid inscribed in ABC, and the centre of this 
curveis 12> «@ sin A cos (B—c)—m2> asin A sin (B—c) =0, 


sin 3A sin3B sin 3 C 
sn A’ sinB’ gsin€ 





the locus of the centre is the line ( ) which 


is the perpendicular bisector of OH. 


Question 1011. 


(SELECTED) :—In an ellipse the tangent at P cuts the directrices in 
Z, Z', and the remaining tangents from Z, Z’ to the ellipse meet at 
T. Show that PT is normal to the ellipse and bisected by the minor axis. 


Solution by R. P. Paranjpye and K, J. Sanjana. 


The points of contact of the tangents ZT and Z’T are the other exe 
tremities of the focal chords through P. 


Considering the triangle PQS’, QT bisects the exterior angle at Q 
and §’T the exterior angle at S’,. Therefore T is the ex-centre of the tri- 
angle and PT bisects the angle QPS’ and is therefore the normal at P, 
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Draw TM perpendicular to PS and TN and PK perpendicular to the 
directrices ; PM is equal to balf the perimeter of the triangle PQS’ aud, 
therefore, PM is equal to the major axis, 

foe SMe 8’, 
wa LN et se Pe; 


see LNG Seu a 


“. PT is bisected by the minor axis. 





Question 1061. 


(Laksumirank#R N, Buatr):—Tbe Euler line of the triangle AB,C, 
meets the sides AB,, AC, in B,,C,; The Kuler line of AB,C, meets 
there sides in B,, C,; and this process iu continued indefinitely, If N,. 
is the nine-point centre of the r" triangle AB,C, thus formed, and AN, 
meets B,C, in D,, prove that the straight lines N, Neyo, and Dz Dey2y 
are parallel, w and y being any positive integers, 

Solution by K. Satyanarayana, 


By Question 1009 solved on page 185 of the J.J, M.S,, Vol. XI, it 
follows that ; 

Bz Ca, Bet C42, BezsCr44, coves . are parallel. Hence As ABsCz 
and ABe+-2,C2+2y are similar and N*, Nz42, Dz, Ds+2y are correspond- 
ing points 

- AN, = ANay2y 


ay ae 
*. N Ne+:y is parallel to D,D, + Oy. 
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Question 1100. 

(LaxksumisHanker N, Baatr):—ABC isa triangle having its sides 
divided internally and externally in the ratios /g, 9/7, 7/f. If the four 
lines joining the points of division, three and three, touch a parabola, 
then prove that 

(1) the parabola can for no values of p/g, q/7,7/f pass thruuzh the 
intersections of the circum-circle and the nine-points circle ; 
and (ii) if , 7, * are proportional io 

J {a (cos A —cos B cos C)}, ¥ {8 (cos B— cos A cos C) }, 
J/ {¢ (cos C—cos A cos B)} 
then the focus will coincide with the nine-points centre. 
Solution by K, Satyanarayana. 


Let D, D’; EB, BE’; F, F” divide respectively BO, CA, AB internally 


and externally in ratios a = at 
rE a 
Co-ordinates of D, E, F w.7.t. & ABC are 
AO ee eek eee paige 282) oP sh 
Core Oot fon + ple + pp ig) ee gi 
Lines EFD’, FDE’, DEF’, D’E’F’ are — px + qy + rz = 0; 





p“e—qy + r2 = 0; pet qy—rz2=0; prt+qytrz= 
If co-ordinates of P w.7.t. & ABC, and A DEF be a, y, 2; X, Y, Z, 

















ere egw uteyhe es 
" | QF hie 
xX = 4 PEP ot En P ars 
ao DEE aa a ene aes Na ges? 
(ee ae: r+p 
211 Aaa wa | 
PRG aL ie 39 erie lap 0 | 
To PLY hn nal RY sk 
p (g+7) (—p2+qytrz) 
ae 2pqr 
x ene) Ame 
. ge Tle ee et Py et Pt 9) 
"pe + gy rz pxy— gy + 1% PO ior. Oy oe Fe 
See Keke rr Eerie 
ie Ha SG eA Ce 


pa + gy + 12 
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“. the parabola is JAX + /pY J/vZ = 0; wheres + » + v=0. 


. xX a's Z uel 
aie " ee) a ee eee + ear awess = 
Be et ge tP) 7RFD 
and because this touches the parabola, we get 


apiatr)t+ pair tp) t wv(pt+gq)= 


eae yepsen fay capes) oy 


yt the parabola i 18 Jp ig? — r*) ( — px + YYH12 
+ Jg% (8p) px — ay + 12) + S27? (p? — 9?) (px + ay — rz) = O. 


y2 2 





: 2 
which reduces to aves aa as a 


(i) If this should be Sa2 yz + & [> (h7 + ca — at) oe? — 25 a?yz] 
= 0, then k = } and 


(c# + a3 — 68) (a2 + 62 — ¢2) ~ (a2 + 63 — cd) (b* + c® — qi) 
ered by which cannot hold, since sum 


"(Po ck nace 62) 


of denominators —[> at — 2 5 68 ¢2] or (a + b 4c) (—a +b+c)x 
(a —6 + c) (a + 6 —c) can never be zero; * sum of any two of the 
quantities a, 4, c is always greater than the third’ 
(ii) In this case equation of parabola becomes 
2? y? 
(b? — c8) (63 + c@ — a2) + (c — a*) (c2 + ad — 62) x 





92 
(at =.) fateh oe = i) 
By Example 7, page 310 of Askwith’s Analytical Geometry, 


the co-ordinates of the focus are proportional to 2 ee 
(c@ — a*) (A + a? — 68) | 


c2 
+ (a2 — bs) (as TS ae ao 


ie tos Pee ke oe) (a4 mach asf) 
(c* — a*) (a* —B, (2 + a — 8) (as ay’ ete,, 


t€, to (6b? — c8)9 (bt 4 os —. a*) (O° + c? — q2) ato, 
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But the co-ordinates of N. P. centre are proportional, a2 (bs + c#) — 
(b + c%)2, etc., which are not proportional to those of the focus. 


The second portioa of the problem therefore appears to be incorrect. 





Question 1122. 
(V, Ramaswami A:yar):—If the join of four concyclic points 
A, B, O, D takea io pairs intersect in P, Q, R, prove that the N,P. circle of 
PQR passes through the centroid of ABCD, 
Solution by K. Satyanarayana. 
O is the centre of the circle ABCD. 
X, Y, Z, W, L, M, N are the mid.-points of AB, BO, CD, DA, QR, 
RP, PQ, respectively, G being the centroid. 
From quadrilaterals RCPD, and QCPB, respectively, it follows that 
MZX, NYW are straight lines, 
Also, from the cyclic quadrilaterals, 
ZXZQ = ZGZC = ZQOX, 
ZWYR = ZGYO = ZROW, 
ZDCB = ZZ0Y = ZWOX; 
ZZGY = ZMGN = ZROQ. 


But ZROQ is the 
supplement of Z 
RPQ or ZMLN 
since O is the 


ortho-centre for & 
PQR, 

Hence ZMGN + 
ZMLN = 2 right 
angles. 


Thus G lies on 
the circle LMN, 
which is the N.P. 
circle of PQR. 
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Question 1163. 


(V. Ramaswami A1yar) :—If a rectangular hyperbola passes through 
the ir-centre of a triangle and the feet of the perpendiculars drawn there- 
from to the sides, prove that it cuts the inscribed circle again at the point 
which is diametrically opposite the Feuerbach point. 


Solution (1) by G. A. Srinivasan. 


Reciprocate with respect to the ir-circle. The rectangular hyperbola 
reciprocates into a parabola which touches the sides of the given triangle 
and whose directrix passes through the in-centre. We have only to 
prove that the fourth common tangent of this parabola and the in-cirele is 
parallel to the Feuerbach tangent, 


Let the equation to the parabola (in areule) be 


Jra + Jpy + Jrz = 0 ‘ea er A 
where _tpto= 0 a rk F 
Its directrix is * 
rv (69+ c% — a*) ow (c? + a? — b*%)y + v (a? + OD? —c*)z = 0, 
Since this passes through the ir-2entre (a, 4, c) 
x» cos A + « cos B + v cosC = 0, ra a) 
From (2) and (3), we obtain 
FE EB # . 
(6—c)(s—ua) (c—a)(s—b)  (a—b) (s — 6) 


Let the fourth common tangent of this parabola and the ir-circle be 
le + my + nz = 0... ae ase — oo (4) 
Then: Oy ee ee 
l m n 
(s—a)(b—c) , fs —b)(¢ —a) _ 2 
and see + ORO) (iia a (s AB fe b) my 


m a ’ 


whence, 7 = —* ts n= (Genet $—o 
’ eee 2 ’ ———$<—— 2 = 
a c+ a— 2b a+ b — Ye’ 





Substituting in (4) we obta’n 


(s — a) ‘gi fi Apes 
bo ke oto Ca be eee 





* Vide Ex, 14, . $1 b i 7g a 2 
Bake Pp. 812, Askwith’s Analytical Geom. of the Oonic Section (old 
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This line’is evidently parallel to the Feuerbach tangent of the in«circle 
given by 7 
x y z 


+P =U, 


b—e c—a a—b 








Remarks.— 


The equation to the rectangular hyperbola in question is easily seen 
to be 


> (6 —c) (s — a)?a* + YS (6 — c) (s — d) (8 —c) yz =O, 


This conic passes through the point whose co-ordinates are 
1 1 1 
s—a’s—b's—c 





» i.e. the Gergonne point or the point of concur- 


rence of the lines joining the vertices to the points of contact of the 
inecircle with the opposite sides, 


Solution (2) by S. L. Malurkar. 


Reference :—]I in-centre 
of A ABC. 

4 DEF pedal A of II. 

® the ortho-centre of & 
DEF. 

S the circum-centre of 
4Q ABC. 

a The Feuerbach point 
for the in-@ of A ABC, 

nm The diametrically op- 
posite point, 





A’ B’, C’, the middle points of BC, CA and AB. 
We know vr’ (DEF 1) 
sin Dw’ E.sin F 7’ | 
sin D 1’ 1. sin F 7’ E 


sin DFE sin F'n'r 


~ sin Da’ * sin FDE 
_ sin DFE sin 7FA ‘: Zr FA = Z in alternate segmeut 
~ sin FDE ‘ sin DC LF cor’ wr. 


sin DFE sin aC’ 
sin FDE ° sin 7DA’ 


——4 














+ [Vide Askwith, J, c. p, 808). 
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_ sin DFE ~ sin CIS : Q A’wD is similar to 4 SAI and 
~ sin FDE * sin alS LS O 96-I Sus: haa naen ee 
_ sin DFE sin SCL ** AS = CS and 1S common in the 
~ gin FDE © ein SAL A SIA and A SIC. 
AUS ih EES ‘+ ZID > =} { DFE—DEF 
~ sin FDE ~ sin ID¢ ; dee $ x 
= 3[ZC — ZB) = SAL. 

_ sin DoE sin I¢F . IF = 1D and I1¢ common in the 
~ sin F¢E * sin 1¢D° triangles I¢F and I¢D, and ¢ is 

the ortho-centre of & DEF. 
= ¢ (DEF1), 


.. 7, >, D, E, F, I, lie on a conic. 
But any conic through the vertices of a S and its ortho-centre is a 
rectangular hyperbola. 
.. «', ¢, D, E, F, 1, are on a rect. hyperbola, 
-. The hyperbola (equilateral) through D, E, F, J, passes 
through 7’. 
Q. E. D. 


Similar relations are also true for the ex-circle, 


ee ee 


Question 1179. 


(Cokgzorep) :—From an external point I (z, y), tangents TP, TQ 
are drawn to the conic S = aw? + 2 hay + dy? + 2 gz + 2fy + c=0 
prove that the area of the triangle TPQ is 


4 
87 /—a 
A—US ’ 
and that the area of the quadrilateral OPTQ, where O is the centre of the 
conic, is ed D 
’ C 
Additional Solution by F. H. V. Gulasekharam. 


Let us use Capital letters X, Y for current co.ordinates. Suppose 


A 
TP =a, TQ = BG, PLQ = w, area of the triangle TPQ = M., 
The original equation to the conic is 


aX?+2hXY + 6Y¥?4%X 4+ OV 4+ ¢ m0 (1) 
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Transferring the origin to T (x, y), the equation takes the form 
GX? + 2AXY+bY2?+ 2X + FV 4S =0, (2) 
Again transforming the equation, referred to TP, TQ as axes, it 


takes the form 


XG Vi 2 ® 
s [ (= + 3 =i) +2 xy | SO cere eepna ty (3) 


a 


For, the term independent of X and Y in (2) and (3) must be 
identical, 


Now from (1), (2) and (3), the invariant properties give 


Q sin? w = — §3,2 ,,, ay Saree.) 
© sin?w = — 8 (x me 
= ry ven iss (5) 
also 2M = «@ sin w sie LentG) 


From (4), (5) and (6) we immediately get 


8 
S? J—a 
lal escent 

Again remembering (i) that the equation to PQ (referred to the original 
axes}iszt(aX+hY¥ +g) tyhX+bVY+f) + (gX +fY¥ +) =0, 


—~ 


os ; G EK 
(ii) that T and O are the points (#, y) and ( ren “) respectively, and (iii) 
that T and O are on opposite sides of PQ, 


4 OP ASIP uad, OPT 
we get a = ae =" (seo g 2 





Gist S 
ay 
Heuce the quad. OPTQ = ~"*, 





See 





Note ;—1n the question, as originally proposed by me, the expression for the 
area of the quadrilateral was wrongly given, The correct expression is given in 
J. 1. M,S. Vol. XIV, p, 87. The original expression 


J—AS os =| 
Bere Oe [igh ule ag 


gives the urea of the quad. O’PTQ, where O' is the origin, 
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Question 1183. 
(B. B. Bagi) :—The circles round AQR, BRP, CPQ, where P, Q, R 
are points in order on the sides BC, CA, AB of a triangle ABC meet in O. 
If A’, B’, C’ are the middle points of the arcs QOR, ROP, POQ, then show 
that A’B’C’ is similar to the triangle formed by the ex-centres of ABC. 
Also show that A’, B’, CO’ and the in-centre of ABC are concyclic, 


Solution by V. V. S. Narayan and K, Satyanarayana, 
We have ZC’OB’ = ZC’OP + ZB’OP = 3 (C + B), 
ZC’IB’ = Supplement of 3 (C)+ B), where | is the inecentre. 
Hence I, B’, O, C’ are concyclic. 
Similarly I, B’, O, A’ can be shown to be concyclic. 
Therefore A’, B’, 0’, I, O are concyclic. 


Consequently the angles A’, B’, C’ of the A’ A’B'C’ are easily seen 
to be equal to $(B + C), 4(C + A), 3 (A + B) respectively, which 
proves that the 4 A’B’C' is similar to the ex-ceutral A of ABC, 

Note :—The property given in the question is extended by the fact 


that the point of concurrence O of the circles is also shown to be concyclic 
with A’ oO als 





Question 1187. 
. (F. H, V, Gutasexaaram):—If f, g, % be the lengths of the 
bisectors of the angles A, B, C respectively of a A ABC, prove 
: ak 
(i) (9? + h? — 2gh coss (B—C) 2? + [424 /2 — 2hf cos} (O—A)]2 
+[(f? + 9? — 2fg cos4 (A — B)]?= 0, 


(ii) sin 3 (B — C) 4 fing (C— A) 4 sins (A — B) : 
t g nane tet tir 

Solution by K. Satyanarayana, A, Mahalingam and the proposer 

Let AF, BG, CH be the bisectors respectively equal to f, g, h 


We shall first prove {ii). 





2 be cos . 
Since y = SR KS — won ’ 
: (6 + c) sin : 
; (6 + c)cos +O, B—C 
sin 3 (B — C)_ FS ay ae 


i CPN lee Gara 
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= (2 + ¢) (sin B— sin C) _ (b + c) (6 —e) 
ta SAR 





Now, to prove (i), draw AG’, AH’ equal to g, % making angles 
+ (A — B), 4 (A—C) with AF. Then by virtue of (ii), it is readily seen 
that FG’H’ is a straight line, 

Further FG’ = ¥ (j* + g* — 2fg cos} (A—B)), &e. 


Hence (i) is identical with (FG’ + G’'H’ + H’F) which is zero, 
if we take the sign into consideration, 





Question 1191. 

(G. V. Texanc):—ABC is a triangle inscribed in a circle. Three 
tangents are drawn to the circle so that the portions of them cut off by 
AB and AC are bisected at the points of contact P,Q and R. Show that 
the orthocentre of the triangle PQR lies at the mid. point of BC. 

Solution by K, Satyanarayana. 

Let the centre of the circle be the origin and let A, B,C be the 
pcints (0), (a), (8) respectively, the radius of the circle being a. 

Let (a) be the point the portion of the tangent at which intercepted 
by AB, AO, is bisected at a. 

AB, AC are given by 


a 


B 
(# + y tan 5 — 4) (x + y tan 35 8) = 0; 
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ot + a2 (tan 5 +tan 3) + fra Sian 
or y p) 2 y y 2 


— 2axr— ay (tan 5 + tan 5) + a’ = 0, we (1) 
Equation of the tangent at ‘,’ may be written as 


S—acomnr _ y— asina 


nd —_— =", 
cos ( 5+} sin (5+) 
r being distance of (#, y) from a. 

Where this cuts (1), the sum of the values of » = 0. 


Hence after reduction 


ae PA. r a. B a pe GPX N 
4 sin? 5 cos 9 + (tan 9 + tan 5) (sint 3 — 4 sine 5 00825 ) 


-+- 2 tan “tan & sin 5 008 5 (1-2 sin? 3) ser); 
. 


gee get 


Taking away the factor sin , and dividing by cos* 


a 8 
(#8 — 32) (ton 2 + tan si) + 2ts (3— tan 3 tan 5) 


om 8 
+ 2 tan 9 tan 3= 0, where ¢ =tan . 


got obs oes(e) 


(2) is acubicin ¢ giving 3 values for /, and each value of. tan ; 


gives only one value of , between 0 and 2-7. Thus we have 3 points 
satisfying the condition. Let the three values of « be Ag Ag and Ag. 


If t,, ty, t, be the roots of the Equation 


: 2 (2—ran $ tan 5) ; 
L,=o2=-— —— 


= 
tan 2 + tan 5 





a 
2 tan-, tan £ 
Ahly me — 354 tt a ——— e. 


- : 
tan 5 + tan 9 





* a+ @ T a + 
= — cot —_“ old 
2 tan ( oo 2 in 
wep AEA HdrAyH(Qn+1l) r+ a + BZ. es we (3) 
Now the ‘ m’ of the join of A, to mid.-point of BC is 


+ 8B a— 6 
2 cos —>5 
COS yA, —- Cos a COs —# 








; Pak ch 
sin A, — sin 





2t, — sin a cos o—8 (1 + ¢,?) 








(1—t, 2) — cos a+8 cos ae (1 + 7,°) 





while the ‘ m’ of the join of \,, 1, = + tan (<4 ae st) » from (3) 





and this reduces to 





Hence the condition for the perpendicularity of the former and the latter is 


[ 2 — sin te COs eh (1 + 47) | [ sin a+8 — ?t, cos ae 





2 





+ [a — t,2) 008 * FF cog © Fn + 4] 


a+ 8 or, O B oa 
[ cos 5 + ¢, sin - = | = 0, 








or (¢,8 — 3t,) sin a + t,3 [3 cos otal + 098 “+ ] 


+ [ es Aen — cos “5 ] = 0 
which is satisfied since ¢, satisfies (2), and (2) easily reduces to the above 


form. 
Hence the mid.-point of BC is the ortho-centre of the triangles whose 


vertices are the points 44, Aq, »3. 
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Question 1199, 


(fF. H. V, Gutasekaaram) :—Prove that the radius of the pedal circle 
of a point P with respect to a triangle ABC is given by 


R sin A ain B sin C 


eee 


where R is the circum-radius of ABC. If tne pedal triangle of P is in 
perspective with ABC, prove tbat the expression above reduces to 


3R sin A sin B sin O 
cos PAB cos PBU cos PCA * 


Solution by K. Satyanarayana and K. J. Sanjana. 


Let us first provea Lemma: If D, E, F are any three points respec- 
tively on BC, CA, AB, then, 
AF.BD.CE + AE.CD.BF = 4R.A DEF 
For, denoting BD, CE, AF by g, y, z 


+] 


48. ODEF = 48 [4 ABC — A ABF -- A BDF — A CDE] 


= abe — (b — y) 2a — (¢ — 2) xb — (ag — 2) yc 
abe — bex — cay — abz + ayz + bee + exy 
wy2 + (a — 2) (6—y) (e— 2. 


Denoting the pedal A in the 
by R, 


4k’. & DEF = BF 


problem by DEF and its circum-radius 


.FD.DE = PA. PB. PC.sin A sin B sin, 


OF +R. Aver, ® = (AF.BD.CR + 4E OD. Br). 
=(PAs PRY PO’ din Asin a ete 


“9 
£ R sin A sin B sin C 
AF BD CE , AE BF OD 
PA PB’ PU‘ PA‘ PB’ PG 


or k’ 





R sin Asin BsinG 


ee ee ee a i erereeeeeeeniens 
cos PAB.cos PBO cos PCA 4- cus PAG cos PCB cos PBA * 
If DEF and ABC be in perspective, AF. BD, CR = AR -BF.CD 
and hence the secend result follows, . 
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Question 1201. 


(Martyn M. THomas):—A periodic comet when at an angular 
distance 9 from the perihelion of its orbit, of eccentricity e, suddenly 
encounters a resistance which brings it to a standstill, Show that it will 

t 1 —é? 


fall into the sun in time ——~ Ceara 
é Cos 


2 
ays ) 2, where ¢ is the periodic 


time of the comet, 
Solution by M. V. Ramakrishnan. 


Siace the comet is reduced to rest it moves towards the sun in a 
straight line. Hence 
Sa 
2 J 2 
where y represents the radius vector to the comet in its position in 
the orbit when it is reduced to rest. 


Now, 
Ae ee —~ = ts (Vie=\ et) 
+ ¢cos 9 1 + ecos@’ 
aM aL Yh ee a?. ( ao) $ 
ee J 240 1 + ecos 0 


aa a 3 
al fe "4 /a \L +e cos 9 


a We (“= ea ) 3 
4/2 \l + ecos 6 





Question 1213. 


(V. RaMaswam1 Alyak) :—Prove that the pedal circle of any point P 
with respect to a triaugle ABC cits the side BC at an angle equal to 
the complement of the sum of the angles PAB, PBA, PCB, 


Solution by F. H, V, Gulasekharam. 


With the notation of J.1.M.S. Vol. XIII, pp. 210—218, from 
§§ 4 and 5 ibid, the perpendicular distance, from BO, of the centre of the 


pedal circle of P is 


2 
ua [ cot B + cot 8’ + cot y + cot v' 
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P sin uw sin 8 ein Y 


= —_ ~— cot B + cot 8 + cot Y + cot ¥ | 
sin A 





{| 


sina sin (A + 8’ + EM a sin sin (A—a.) sin (B’ +y' fond 
p [ sin A sin A 


= Pf [ sina cos(4’ + y') + cosa sin (8’ + ¥) | 
=P sin (a + p' +’). 
Hence the question. 


Note :—The normal co-ordinates of the centre of the pedal circle are 
proportional to sin (a + 4’ + y’), sin (a’ + 8 + y’), sin (a’ + 8’ +y). 





Question 1244. 


(S. RasaNaRAYANAN) :—Sum the series 


(A——})5 Gy — 4, Ar-1 + (A+ 1) a-2 — ... (L—1)” (a+r—1),4, 
where 7, denotes the number of combinations of ~ things r at a time, 


Solution by K. Satyanarayana, 
The series is the co-efficient of «’ in 
ay ty (L+ 2) *—-*—a,-1 8-1 (14 x)* + a,—9 wr % 
(ht a)" — + (1) a, 8 4 yt? 
fe, (—~1)[(i+ a) °° — a, oC pay ee 
#(—1 a, a" (Lt e)"~' + (—1)" a a 1 2) 
+ ou + (--1)" of" ae 
ies (—1)’ (14a) (t+a—n)" 


ial) iitey 


*. the sum of the series = 0, 
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Question 1245. 
(S, Rasananayanan) :-——Find the value of the infinite series 


S S 
8 ——2 oe * ob od. 
where S, denotes the sum of the r'* powers of the first n natural numbers, 
Solution by K. Satyanarayana. 


r 


BOE oh Ot, Qa 
5 ae +o +...” 





The series = ; 
r=1 r oe 

7 = r r 

r=9 1 — OZ =D n 

= oe et 35 

2, vi r=1 rie r=1 r! 


li 


(e— 1) + (ce — 1) + (ce? — 3) +... + (e* — 1) 
ez — | 
[+= -*]- 


Question 1246. 





(S, RAJANARAYANAN) :—Find the value of the expression 





lat Labt v (ad + Jab Jab E Jab +... 3] 


Solution by K,. Satyanarayana. 


Denoting the value of the expression by a, it is easily seen that 








b + ye 
Vb \ 4 ; 
HAP tt ey Be 
oe as Net 7 
eae ag oe 
Jb Bei 
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QUESTIONS FOR SOLOTION. 


1254. (G.S. Mawasani) :—At a certain place A, on a certain day, 


m, = mean solar time of sidereal noon, 


8, = sidereal time of mean noon, 


show that on that day the ‘ mean’ and ‘ sidereal ’ times (m, s) at any other 
place B, where L?® is the difference of the longitudes of B and A, are con- 
nected by the relation 

m+ L/15 4 és L/15 _ 7 


Mo So 


1255, (T. VisayaracHavan) :--Show that 





lim BI™, 


log log m —~ log log log m =] = ek 
mM =P 


log m 
where B (p, q), as usual, denotes the integral 
1 
) wP-1 (l1—aw,e-1 dz. 
0 


1256, (i. VisaYARAGHAVAN) :—Letosa, + 1 ce 
Q,t+ Ag+ 





be an irrational number and a (@, n) be defined by the equation 


Pe oo bal 1 


gn | A8,m).gn® 





where fa is the mth convergent in the continued fraction pals 
nm 
k(6) = hu x2 (@, n), 
n> 1 


and if 3 occurs an infinity of times in the set (@,), then show that 


~ 6 + 9% 
k (@) = TF wes 


except for a particular class of quadratic surds, namely, 


periodic part when expreesed as a simple continued fractio 
of 3’s, 


1257. (A.C.L. WILKinson) — 


those whose 
n consists only 


Solve the partial differential equation 


nr (l—g?)* + 2f98 (L—g*) + p2q2t — (1 —q*) (rt—s*) z = 0, 
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1258, (A. C. lL. Witxinson):—Solve the partial differential 
equation 
vy (1—2?)r a (227y* — of—y. + 1) 8+ay (1—y?) t+ ay (z—px—gy}=0, 
1259. (P. V.SssHu Aiyar) :—Suggested while reading about ‘the 
theory of monopolies’ in ‘ Keonomics,’ 


(1) Show that the values of x for which the function v = af (e) is a 
maximum are the abscisr of the points where. y =f (w) touches a mem- 
ber of the family of rectangular hyperbolas ay = c. 


(2) If y = f (@) touches a member of the family zy = C at a point 
whose abscissa is «,, show that the curve y = f (2) _* where £ is a con- 


stant touches another member of the family at a point of the same abscissa 
7, ; and find the ‘c’ of that other member. 


1260, (A. T. THomas):—lf a, = sin 2, ag = sin sin 2, a, = sin 
sin (mn times) ......... 2%, where O¢zZa, then prove that the in- 


° . @ @ . a 9 . 
finite series S a,, and ¥ a,’ are divergent, but Sa,° is convergent, and 
1 1 1 


in fact when x is large a,~ we 
Jn 
1261, (A, T. THomas):—If the numbers represented by f (x, y) where 
J is an integral expression with integral co-efficients of the positive integers 
@,y, are arranged in increasing order of magnitude, and cons‘dering those less 
than N, the probability that x and y are prime to each other is a number 


nS ’ 6 
tending to Ze as MPD. 


1262, (A.T. Tuomas) :—Ilf (x) means the fractional part of a, and if 
#is anirrational number >1, show that such membars exist that (z”) tends 
to zero steadily as n goes to co through positive integral values. 


1263. (1. Totaprai [ymnear) :— 


Sum the series : 


ey eS A etd JA Saeed Yt Ral Bere J a a 
1—gz (t—z) (1 — «?) (1 — %) (lt — w?) (1 — 8) 


eee 








1264. (A. Narasinga Rao):—A and B are two ovale, C is the 
envelope of ovals similar to A and similarly placed, having their homothetic 
Centres on B and a constant ratio of similitude ,, Prove that 
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(i) Cis also the envelope of ovals homothetic to B, having 
the homothetic centres on A and a ratio of similitude 1 — ra; 


(ii) if P, Q be points on A, B and the tangents at these 
points are parallel, C divides PQ in the ratio (1 — »): r; 

(iii) if p = fi¥) p = g(¥) be the intrinsic equations of 
A and B, then that of C is P =a. fi¥) + (L—A~).g(W); 

(iv) if masses a, (1 — A) be placed within or on the boundaries 


of A and B, their centre of mass will be within or on C; also every interior 
or boundary poiat of C is a possible position of centre of mass. 


1265. (A, A. KrisuyaswaMi Iyanxaar) :—Show that every odd num- 
ber can be expressed as the sum of seven squares, except the numbers 
Pr Heep 6 ell 


1266. (A. A. KrisHnaswaMi Jyangar):—Find general expression 
for the sides of rational triangles, the squares of whose areas are perfect 
cubes, (Ex. 5, 6, 7.) 


1267. (S. RaAJANARAYANAN) :—Prove that, if 


m n m 
é + = ¢é 


then + ries and conversely. 


1 1 a b 
1268, (S, Rasanapayanan) :—If ¢¢ =e? en’ in’, 


+> 


: b 
then x =n + n, and conversely. 


1269. (R. VarpyanatHaswaM1):—Solve the equation 
dx dy 


ax + bate arty? + b' y+ ch 





Hence or othsrwise shew that the irreducible algebraic curves which 
lie on a given quadric and whose tangents belong to a given linear com- 
plex, can always be reduced to the form 


Am = [” (m prime to 7) 


where j, are geuerator co-ordinates on the quadric [#.e, the point (A, jx) 
on the quadric is the point the parameters of the generators through which 
are A, jo]. 


Find the invariant relation between the quadric and the complex, in 
order that one such irreducible curve may be a twisted cubic, 
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